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Abstract 
The energy spectra and the wave function depending on the   c-factor are investigated for a more 
general Woods-Saxon potential (MGWSP) with an arbitrary  ݈ - state.  The wave functions are 
expressed in terms of the Jacobi polynomials.  Two potentials are obtained from this MGWSP as 
special cases.  These special potentials are Hulthen and the standard Woods-Saxon potentials.  
We also discuss the energy spectrum and wave function for the special cases.  
 
 
 
 
 
 
 
 
 1 .Introduction 
In recent times different methods have been adopted for the solution of Schrödinger equation 
(SE) with various potentials [1-5] such methods include numerical and analytical techniques [6-
7], suppersymmetry (SUSSY) [8], Pekevis approximation [9] and the Nikiforov-Uvarov method 
[10].  An exact solution of the SE is of high importance in non-relativistic quantum mechanics. 
 However, there are very few potentials for which the radial SE can be solved exactly for 
all n and ݈ – values.  Levai and Williams in their paper developed a simple method for 
constructing potential for which the SE can be solved exactly in terms of special functions [11].  
The exact solutions of SE for the Woods-Saxon potential(WSP)[12] cannot be solved exactly for 
݈ ≠ 0,  though Flugge [13] gave an exact expression for the wave function but uses graphical 
method to obtain the energy eigen values for ݈ = 0 [14]. 
 The WSP is one of the short-range potentials well-known in Physics and plays a vital role 
in nuclear and particle Physics, atomic Physics, condensed matter and chemical Physics [15]. 
 In this paper, we attempt to solve the radial SE for this more general Woods-Saxon 
potential (MGWSP) using the Nikiforov-Uvarov method and obtain the wave function and the 
corresponding eigenvalues for arbitrary ݈ – states and then deduce some well-known potentials 
from our results. 
2. Review of Nikiforov-Uvarov method 
The standard form of the Nikiforov-Uvarov method equation is written as [10]               ߰ᇱᇱ(ݏ) + ఛത(௦)
ఙ(௦)߰ᇱ(ݏ) + ఙഥ(௦)ఙమ(௦)߰(ݏ) = 0      (1) 
where ߪ(ݏ) and ߪത(ݏ) are polynomial, of the second degree at most and ߬̅(ݏ) is a first degree 
polynomials.  Thus, from equation (1), the Schrödinger equation and the Schrodinger like 
equations can be solved analytically by means of the special potentials with this method.  Hence, 
in order to obtain the particular solution of equation (1), one can use the transformation for the 
wave function as                       ߰(ݏ) = ߮(ݏ)߯௡(ݏ)     (2) 
This reduces equation (1) to an equation of hypergeometric type as               ߪ(ݏ)߯௡ᇱᇱ(ݏ) + ߬̅(ݏ)߯௡ᇱ (ݏ) + ߣ߯௡(ݏ) = 0   (3) 
and ߮(ݏ) is defined as a logarithmic derivative in the form                   ఝᇲ
ఝ(௦) = గ(௦)ఙ(௦)       (4) 
The function ߨ(ݏ)  and the parameter ߣ(ݏ) required for the Nikiforov-Uvarov method 
        ߨ(ݏ) = ఙᇲିఛത(௦)
ଶ
± ටቀఙᇲିఛത
ଶ
ቁ
ଶ
− ߪത(ݏ) + ݇ߪ(ݏ)     (5)              ߣ(ݏ) = ݇ + ߨᇱ(ݏ)        (6) 
Conversely, in order to find the values of k in equation (5), then the expression under the square 
root most be the square of the polynomials. 
 Consequently, the eigenvalue equation for the Schrödinger equation becomes,               ߣ௡ = −݊߬ᇱ(ݏ) − ௡(௡ିଵ)ଶ ߪᇱᇱ(ݏ)   (7)      
where 
              ߬(ݏ) = ߬̅(ݏ) + 2ߨ(ݏ)     (8) 
and its derivative is negative.  The other wave function can be determine using the Rodriques 
Relation 
3. Bound State solution of the Radial Schrödinger Equation with MGWSP. 
 The standard Wood-Saxon potential is defined as [16] 
        ܸ(ݎ) = ௏బ
ቂଵା௘௫௣ቀ
ೝషೃబ
ೌ
ቁቃ
,ܽ ≪ ܴ଴      (9) 
The Schrödinger equation for the potential V(r) is of the form [16] 
          ቆିћ
మ
ଶ௠
∇ଶ + ܸ(ݎ)ቇ߰(ݎ) = ܧ߰(ݎ),     (10) 
where  ߰(ݎ) is the wave function, E is the energy eigenvalues, ℏ is the Planck Constant, m is the 
mass and ∇ଶ is the Laplacian operator.  The radial Schrödinger equation [17] of equation (10) 
with Woods-Saxon potential is given by 
            ௗమట(௥)
ௗ௥మ
+ ଶ௠
ћమ
൤ܧ + ௏బ
ൣଵା௘௫௣൫ଶఈ(௥ିோబ)൯൧൨߰(ݎ) + ௟(௟ାଵ)௥మ ߰(ݎ) = 0  (11) 
where ݈ is the angular momentum quantum number and ߙ = 1 2ܽൗ .  Writing the wave function 
߰(ݎ) = ܴ(ݎ) ݎൗ   reduces equation (11) into the form 
              ௗమோ(௥)
ௗ௥మ
+ ൤ܧ + ௏బ
൫ଵା௘మഀ(ೝషೃబ)൯ − ௟(௟ାଵ)ћమଶఓ௥మ ൨ ܴ(ݎ) = 0   (12) 
Equation (12) can be expressed in terms of the effective potential as  
              ௗమோ(௥)
ௗ௥మ
+ ଶ௠
ћమ
ൣܧ − ௘ܸ௙௙(ݎ)൧ܴ(ݎ) = 0      (13) 
where the effective potential ௘ܸ௙௙(ݎ) is defined as                 ௘ܸ௙௙(ݎ) = ܸ(ݎ) + ௟(௟ାଵ)ћమଶఓ௥మ        (14) 
where the second term corresponds to the centrifugal term. 
 Following the new improved approximation scheme [18] for the centrifugal term, we 
expressed the effective potential as  
         ௘ܸ௙௙(ݎ) = ܸ(ݎ) + ଶ௟(௟ାଵ)ћమఓఈమ ௘షమഀೝ(ଵି௘షమഀೝ)మ     (15) 
Taking a new co-ordinate 
              ݏ = ܿ൫݁ݔ݌(2ߙݎ − 1)൯      (16) 
where c = exp (−2ߙܴ଴) and it is the c-factor that characterized the behavior of the potential as 
will be seen latter.  Equation (16) transforms equation (13) into the form  
     (ܿ + ݏ)ଶ ௗమோ
ௗ௦మ
+ (ܿ + ݏ) ௗோ
ௗ௦
+ ସ௠
ћమఈమ
ቂܧ + ௏బ(௖ାଵା௦) − ߜ଴ − ఋబ(௖ା௦)మ௦మ ቃ ܴ(ݏ) = 0,(17)   
where ߜ଴ = ଶћమ௟(௟ାଵ)ఓఈమ .      
     Simplifying equation (17) yields 
                ௗమோ
ௗ௦మ
+ ௦
௦(௖ା௦) ௗோௗ௦ + ଵ௦మ(௖ା௦)మ [(ߝଶ + ߛଶ + ߦଵଶ − ߦସଶ)ݏଶ 
                     +(ߚଶ + ߦଷଶ)ݏ + ߦଶଶ]ܴ(ݏ) = 0     (18) 
where the following dimensionless parameters have been used in obtaining equation (18); 
          ߝଶ = ି௠ா
ଶћమఈమ
 ,  ߚଶ = ௠௏బ
ଶћమఈమ(ଵା௖) ,  ߛଶ = ௠௏బଶఈమћమ(ଵା௖)మ  , ߦଵଶ = ௠ఋబଶћమఈమ  , 
          ߦଶଶ = ௠௖మఋబଶћమఈమ   , ߦଷଶ = ௠௖ఋబћమఈమ  ,  ߦସଶ = ௠ଶћమఈమ   .                  (19) 
It is pertinent at this point to note that in obtaining equation (18), we have Taylor expanded the 
term (ܿ + 1 + ݏ)ିଵ up to second order, using the expression [17]  
                ଵ
௖ାଵା௦
= ଵ(௖ାଵ)∑ (ିଵ)ೖௌೖ(௖ାଵ)ೖ∞௞ୀଵ      (20) 
Now comparing equation (18) with equation (1), we obtain the following polynomials:  
      ߬̅ = ݏ,  ߪ(ݏ) = ݏ(ܿ + ݏ),      ߪത(ݏ) = −ܽݏଶ + ܾݏ + ݀ ,        (21) 
where   
                       ܽ = (ߝଶ + ߛଶ + ߦଵଶ + ߦସଶ), 
                       ܾ = (ߚଶ + ߦଷଶ) 
                            ܿ = ߦଶଶ      (22)   
In the NU-method, the new ߨ(ݏ) is defined as 
ߨ(ݏ) = ௖ା௦
ଶ
± ଵ
ଶ
ඥ(4݇ − ܾଵ)ݏଶ + (ܾଶ + 4݇ܿ)ݏ + ܾଷ   (23) 
where ܾଵ = −4ܽ + 1,  ܾଶ = 2ܿ − 4ܾ  and ܾଷ = ܿଶ − 4݀.   
The discriminant in the expression under the square root has to be zero.  Thus, the expression 
becomes the square of a polynomial of first degree, 
          16ܿଶ݇ଶ + (8ܾଶܿ − 16ܾଶ)݇ + 4ŋଵܾଶ + ŋଶଶ = 0    (24) 
When we imposed the basic requirement with respect to the constant k, its double are obtained as  
          ݇± = ௕మ(ଶି௖)ସ௖మ ± ଵଶ௖మටܾଶ൫(1 − ܿ)ܾଶ + ܾଵܿଶ൯     (25) 
Substituting ݇∓ into Eq. (23), the following possible solutions are obtained for ߨ(ݏ) 
ߨ(ݏ) = ௖ା௦
ଶ
± ଵ
ଶ௖మ
൞
ඥŋଶݏ − ට(1 − ܿ)ŋଶ + ܾଵܿଶ, ݂݋ݎ ݇ = ௕మ(ଶି௖)ସ௖మ − ଵଶ௖మඥܾଶ(1 − ܿ)ŋଶ + ܾଵܿଶ
√ŋଶݏ − ඥ(1 − ܿ)ŋଶ + ܾଵܿଶ, ݂݋ݎ ݇ = ௕మ(ଶି௖)ସ௖మ + ଵଶ௖మඥܾଶ(1 − ܿ)ŋଶ + ܾଵܿଶ (26)      
For the polynomial of ߬ = ߬̅ + 2ߨ which has a negative derivative, we select, 
            ݇(ݏ) = ௕మ(ଶି௖)
ସ௖మ
± ଵ
ଶ௖మ
ටܾଶ൫(1 − ܿ)ܾଶ + ܾଵܿଶ൯    (27) 
        ߨ(ݏ) = ௖ାଶ
ଶ
−
ଵ
ଶ௖మ
ቀ√ŋଶݏ − ඥ(1 − ܿ)ŋଶ + ܾଵܿଶቁ    (28) 
Therefore, with this selection and using ߣ = ݇ + ߨᇱ, we obtain the ߬ ܽ݊݀ ߣ values as   
      ߬(ݏ) = ൬ିඥ௕మ
௖మ
+ ܿ + 2൰ ݏ + ଶ
௖మ
ඥ(1 − ܿ)ܾଶ + ܾଵܿଶ   (29) 
      ߣ = ŋమ(ଶି௖)
ସ௖మ
−
ଵ
ଶ௖మ
ඥŋଶ(1 − ܿ)ܾଶ + ܾଵܿଶ + ௖ଶ − ௕మଶ௖మ   (30) 
Now using Eq. (7), we have 
         ߣ௡ =  ௡√ŋమ௖మ − ܿ − 2 − ݊(݊ − 1)      (31) 
Comparing Eqs. (30) and (31), we obtain the exact energy eigenvalues as  
    ܧ௡ = 1 + ߜ଴ + ௏బ(ଵା௖)మ − ଵଶ ቀћమఈమ௠ ቁ − ଵସ ቀଶћఈ௠ ቁଶ ቂ2ܿ − ସ௠ћమఈమ ቀ ௏బଵା௖ + ܿߜ଴ቁቃ (ܿ − 1) 
−
2ћଶߙଶ
݉
⎣
⎢
⎢
⎡ 2݊ ݊ ට2ܿ − 2݉ћଶߙଶ ቀ ଴ܸ1 + ܿ + ܿߜ଴ቁ 
      + ସା௖ିଷ௡(௡ିଵ)
ଶቂଶ௖ି
మ೘
ћమഀమ
ቀ
ೇబ
భశ೎
ା௖ఋబቁቃ
−
ଵ
௖
቉
ଶ
 ,for ܿ ≫ 1    (32)  
Equation (32) is the energy spectrum for the Schrödinger equation with the MGWSP.  However, 
Eq. (32) can be rewritten for a case ܿ ≪ 1 as, 
        ܧ௡ = 1 + ߜ଴ − ଵଶ ቀћమఈమ௠ ቁ + ଴ܸ(1 − 2ܿ)  
           + ଵ
ସ௠
(ћߙ)ଶ ቂ2ܿ − ଶ௠
ћమఈమ
( ଴ܸ(1 − ܿ) + 2ߜ଴ܿ)ቃ (ܿ − 1) 
            − ଶћ
మఈమ
௠
቎
ଶ௡
௖ටଶ௖ି
మ೘
ћమഀమ
(௏బ(ଵି௖)ା௖ఋబ) 
             + ସା௖ିଷ௡(௡ିଵ)
ଶቂଶ௖ି
మ೘
ћమഀమ
(௏బ(ଵି௖)ା௖ఋబ)ቃ − ଵ௖቉     (33) 
In other to find the wave function we first evaluate for the weight function from Eq. (18) as  
            ߩ(ݏ) = ݏ(௖ିఔ)(ܿ + ݏ)ቀഌషഋ೎೎మ ቁ     (34) 
Where ߤ = ൬−ඥఎమ
௖మ
+ ܿ + 2൰ and ߥ = ଶ
௖మ
ඥ(1 − ܿ)ߟଶ + ߟଵ + ܿଶ  
Now using the Rodrique relation of Eq. (18b) 
         ߯௡(ݏ) = ௡ܰݏିቀ೎షഌ೎ ቁ(ܿ + ݏ)ቀഌషഋ೎೎మ ቁ ௗ೙ௗ௦೙ ൤ݏቀ௡ା೎షഌ೎ ቁ(ܿ + ݏ)ቀ௡ାഌషഋ೎೎మ ቁ൨  (35) 
where ௡ܰ is the normalization constant.  The other wave function is obtain from Eq. (4) as  
           ߮(ݏ) = ݏቀ೎షమഌమ೎ ቁ(ܿ + ݏ)൬ඥആమశమഌమ೎మ ൰      (36) 
Therefore, radial wave function of the Schrödinger equation with the MGWSP can be written as  
                   ܴ(ݏ) = ߮(ݏ)߯௡   
                         = ܥ௡ݏ஺ ଶൗ (ܿ + ݏ)ഋ೎ା஻ିඥఎమ ௗ೙ௗ௦೙ ቂܵ௡ା஺ ଶൗ (ܿ + ݏ)௡ା஻ିఓ௖ቃ   (37) 
where ܣ = 2ߤ ܿ − 1ൗ  and ܤ = 2ߥ ܿଶൗ .  The Wave function can be express in terms of Jacobi 
polynomials as  
                     ܴ(ݏ) =  ܥ௡ݏ஺ ଶൗ (ܿ + ݏ)஻ିඥఎమ ௡ܲ൫஺ ଶൗ ,஻൯(ݏ)    (38) 
where Nn is the new normalization constant and obey the normalization 
condition,∫ (ܴ(ݏ))ଶ݀ݏ = 1ଵିଵ  . 
Finally, we write the total radial wave function as  
           ܴ(ݎ) = ଵ
௥
[ܿ(݁ݔ݌(2ߙݎ) − 1)]஺ ଶൗ [ܿ(exp(2ߙݎ))]஻ିඥఎమ ௡ܲ൫஺ ଶൗ ,஻൯(ݎ) .                       (39) 
4. Results and Discussion 
 In the Schrödinger equation with a MGWSP, we obtained two energy spectra (ܿ ≪ 1 and 
ܿ ≥ 1), and unnormalized wave function expressed in terms of Jacobi polynomials.  Two special 
potentials are deduced: 
4.1 Hulthen Potential. 
The Hulthen potential [19] is obtained from the MGWSP by setting ܿ = −1 and the 
corresponding energy eigenvalues and the wavefunction are obtained from Eq.(33) and Eq.(39) 
as 
     ܧ௡ = 1 + ߜ଴ − ଵଶ ቀћమఈమ௠ ቁ + 3 ଴ܸ  
           − ଵ
ଶ௠
(ћߙ)ଶ ቂ−2 − ସ௠
ћమఈమ
( ଴ܸ − ߜ଴)ቃ 
            + ଶћమఈమ
௠
቎
ଶ௡
ටିଶି
మ೘
ћమഀమ
(ଶ௏బିఋబ) 
           + ଷ(ଵି௡(௡ିଵ))
ଶቂିଶି
మ೘
ћమഀమ
(ଶ௏బିఋబ)ቃ + 1቉ ,    (40) 
and 
     ܴ(ݎ) = ଵ
௥
ൣ1 + ൫݁ݔ݌(2ߙݎ)൯൧஺ ଶൗ [(exp(2ߙݎ))]஻ିඥఎమ ௡ܲ൫஺ ଶൗ ,஻൯(ݎ) ,           (41) 
respectively. 
4.2 Standard Woods-Saxon Potential. 
For ܿ = 1 the MGWSP changes to the standard WS potential [20].The corresponding energy 
eigenvalues and wavefunction for this potential are obtain from equations (32) and (39) as 
            ܧ௡ = 1 + ߜ଴ + ௏బସ − ଵଶ ቀћమఈమ௠ ቁ 
                     − ଶћమఈమ
௠
቎
ଶ௡ ௡  ටଶି మ೘
ћమഀమ
ቀ
ೇబ
మ
ାఋబቁ
 + ହିଷ௡(௡ିଵ)
ଶቂଶି
మ೘
ћమഀమ
ቀ
ೇబ
మ
ାఋబቁቃ
− 1቉ଶ,                         (42) 
and 
    ܴ(ݎ) = ଵ
௥
[(݁ݔ݌(2ߙݎ) − 1)]஺ ଶൗ [(exp(2ߙݎ))]஻ିඥఎమ ௡ܲ൫஺ ଶൗ ,஻൯(ݎ) ,                             (43) 
respectively. 
              
5. Conclusions 
Using NU method we have discussed the approximate solution of the Schrodinger equation for a 
MGWSP for arbitrary ݈ −states.We have obtained the energy eigenvalues equation  and 
wavefunction of the Schrodinger for the MGWSP for ܿ ≪ 1 ܽ݊݀ ܿ ≫ 1.In addition, as a special 
case Hulthen potential and standard WS potential were discussed. Finally, it can be seen that 
these results are consistent with those in the literature [21]. 
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